
J
H
E
P
0
2
(
2
0
2
5
)
1
0
5

Published for SISSA by Springer

Received: December 3, 2024
Accepted: January 20, 2025

Published: February 18, 2025

Waves on mazes

Iosif Bena ,a Raphaël Dulac ,a Anthony Houppe ,b Dimitrios Toulikas a

and Nicholas P. Warner a,c,d

aInstitut de Physique Théorique, Université Paris Saclay, CEA, CNRS,
Orme des Merisiers, Gif sur Yvette, 91191 CEDEX, France

bInstitut für Theoretische Physik, ETH Zürich,
Wolfgang-Pauli-Strasse 27, 8093 Zürich, Switzerland

cDepartment of Physics and Astronomy, University of Southern California,
Los Angeles, CA 90089, U.S.A.

dDepartment of Mathematics, University of Southern California,
Los Angeles, CA 90089, U.S.A.

E-mail: iosif.bena@ipht.fr, raphael.dulac@ens.fr, ahouppe@phys.ethz.ch,
dimitrios.toulikas@ipht.fr, warner@usc.edu
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1 Introduction

1.1 Overview

At the simplest level, this paper gives a construction of 1
8 -BPS supergravity solutions in which

a momentum wave travels along a brane intersection. These solutions are remarkable in their
own right, and we show that the BPS equations that govern them reduce to a linear system.
In addition, these solutions also represent a significant advance in the stringy description of
black-hole microstructure. However, we want to set this in context, and so we first describe
some recent work [1] that motivated this work and provides a deeper framework for, and
understanding of, such microstructure.

1.2 Themelia

In resolving the microstructure of black holes, one is naturally led to ask: what are the
fundamental structures in String Theory? The simplest, and most naive answer is, of course,
strings. However, the answer to this question must be duality invariant. The obvious solution
is to include all objects that can be obtained by dualizing strings, like branes, KK monopoles
and brane bound states that preserve sixteen supercharges.
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One can then envision a further extension, to include objects that preserve sixteen
supercharges locally, but preserve only a fraction (or possibly none) of these supercharges
when the object is taken as a whole. Such objects were dubbed themelia in [1].

A simple example: a string carrying right-moving momentum is 1
4 -BPS, preserving eight

supersymmetries. It is a themelion because, when one “zooms in” on the string, one only sees
a boosted segment of a string, which preserves 16 supersymmetries. Another segment of the
string also preserves 16 supersymmetries, but different ones: the supersymmetries depend
on the orientation of the string segment [2]. However, each set of 16 local supersymmetries
contains a common subset of eight supersymmetries, which make the whole object a 1

4 -BPS
configuration.

It is natural to expect that themelia will emerge as the fundamental substructure1 of black
hole microstates. There are three reasons for this. First, and most obvious, the themelion
is necessarily a bound state because one cannot separate the fundamental charges without
breaking some of the 16 local supersymmetries.

Secondly, a system of N identical branes that preserve sixteen supercharges globally
can have an entropy, at most, of order logN . This means that the local structure of a
themelion can only account for logN contributions to the entropy. However, the global
structure of a themelion can involve excitations of its moduli, like shape modes and brane
densities, that are parameterized by arbitrary continuous functions, and these can carry an
entropy proportional to a power of N . A themelion can only encode such a large entropy
in its large-scale, global structure.

The best-studied example is probably the D1-D5 system. This system carries an entropy
of order

√
N1N5. Taken by itself, it produces a singular black-hole geometry with a Planck-

scale horizon. However, this is not a themelion: it only has eight supercharges locally. If
one adds a KKM and angular momentum, it can be spun out into a supertube, a smooth
geometry, with sixteen supercharges locally and eight globally [3–6]. The degenerate ground
states that give rise to the entropy can now be seen as shape modes of the supertube. Indeed,
this example, and the duality-related F1-P system, led to the original fuzzball proposal.

More broadly, it was observed in [1] that all known microstate geometries (and microstate
solutions [7]) are actually based on themelia: this includes the brane systems underlying
three-charge bubbling solutions [8–10], superstrata [2, 11] and the supermaze [12].

The third reason why themelia should be thought of as fundamental constituents of
microstate structure, is that a fully back-reacted themelion can never give rise to a classical
black hole solution with an event horizon. This is because the horizon area, in Planck units,
is duality invariant [13], and so is the same in all duality frames. On the other hand, a
themelion can always be locally dualized into a stack of N Kaluza-Klein monopoles (KKM’s),
and this solution is simply empty space with a ZN orbifold singularity, which is an exact,
fully-back-reacted, horizonless string background.

Independent of geometric considerations, the themelion conjecture states that the fun-
damental constituents of black-hole microstructure must be themelia. Moreover, because a
themelion carries its entropy in its large-scale structure, the supergravity solutions corre-

1The ancient Greek word themelion (θϵµϵ́λιoν) translates to foundation, or fundamental structure. Unfor-
tunately, the other word for indivisible structure, atomon, was already taken.
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sponding to coherent collections of themelia should be able to access precisely the degrees
of freedom that carry this entropy. Obviously, supergravity cannot describe string-scale
phenomena, but one might hope that supergravity can describe the classical limits of themelia
and the degrees of freedom that carry their entropy. We will refer to this extension of the
themelion conjecture as the geometric themelion conjecture.

The themelion conjecture thus provides an explicit string-theory realization of the fuzzball
proposal, while the geometric themelion conjecture provides a precise framework for realizing
the goals of the Microstate Geometry programme [7, 14].

One can see how the themelion conjecture can be realized in the M2-M5-P black hole. The
entropy of this system arises from the fact that each M2 brane can fractionate into N5 strips
that can carry momentum independently2 Since each of the N2N5 strips has four bosonic
directions, it is not hard to see that the total entropy (including the fermions) is exactly that
of the corresponding black hole, S = 2π

√
N2N5NP . Each individual microstate of this system

looks like a super-maze of momentum-carrying M2 strips hanging between parallel M5 branes.
However, if one considers the brane-brane interactions one finds that the momentum-carrying
M2 strips pull on, and deform, the M5 branes. The remarkable feature of this momentum-
carrying maze is that it preserves four supercharges globally, but if one zooms in at any
location along the super-maze it preserves locally 16 supercharges [12]. Thus, the M2-M5-P
super-maze is an explicit realization of a themelion that carries all the black hole entropy.

If one could build the supergravity solutions corresponding to this super-maze and
show explicitly that these solutions have no horizon, this would establish the geometric
themelion conjecture. However, there are several technical hurdles to be overcome. The first
is that the 1

4 -BPS momentum-less M2-M5 super-maze is governed by a non-linear Monge-
Ampère-like equation [16–18] and finding cohomogeneity-three solutions (which is the smallest
cohomogeneity that gives interesting solutions) is rather involved.3 The second hurdle is to add
momentum to this M2-M5 super-maze substrate. The latter will be the focus of this paper.

A first step in this direction was achieved in [20] using the Born-Infeld action. One can
smear the M2 branes of the super-maze along one of the torus direction, and compactify the
solutions to a Type-IIA super-maze consisting of D2 brane strips stretched between parallel
D4 branes. The fundamental building block of this IIA super-maze consists of a single D2
brane strip stretched between two parallel D4 branes.

One can describe such an isolated component entirely in terms of the SU(2) maximally-
supersymmetric Yang-Mills theory living on the world-volume of the D4 branes. This solution
is nothing other than the ’t Hooft-Polyakov monopole [20–22] and this serves as a 1

4 -BPS
substrate to which one can add momentum. Indeed, one can add a null wave in some additional
world-volume fluxes. This wave is parameterized by an arbitrary shape function and it does
not disturb any of the non-trivial fields of the original ’t Hooft-Polyakov monopole [20]. Hence,
the full 1

8 -BPS momentum-carrying solution is constructed in three steps: first, one builds the
non-trivial 1

4 -BPS solution to a non-linear set of equations; second, one adds some “self-dual”
2This counting is the M-theory uplift of that of the Type IIA F1-NS5-P black hole [15].
3In a recent paper, [18], we have shown in the near-horizon limit of these solutions is related by a change

of coordinates to a family of AdS3× S3× S3 × Σ2 solutions, where Σ2 is a Riemann surface [19]. Since these
solutions can be constructed using a linear algorithm, this raises the hope that at least the near-horizon region
of certain M2-M5 super-maze geometries will be constructible analytically.
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fields that depend on an arbitrary function of the null variable, and lastly, one computes the
momentum density of the system, which depends on the square of this arbitrary function.

Such a layered structure is also a feature of all systematic constructions of supersymmetric
supergravity solutions with black-hole charges [8, 23–30]. The starting point is usually a two-
charge, 1

4 -BPS background. In five and six dimensions, the most generic solutions start from
hyper-Kähler, or almost hyper-Kähler, four-dimensional spatial base geometry [8, 11, 24, 25, 31–
35]. Without imposing additional symmetries, such a base geometry is governed by some
very non-trivial, non-linear equation, like the Monge-Ampère system.

The process of adding a third charge in such a manner as to create a themelion, requires
the addition of further dipolar fields, which we think of as glue. The glue is dipolar, and so
carries no net charge, but it binds the three fundamental charges together. As described in [2]
and in [1, 12], the glue carries precisely the correct local charges so that, when combined with
the global charges, each and every element of the configuration has 16 supersymmetries locally.
The three overall global charges mean that the themelion is 1

8 -BPS but, as we have already
noted, the sixteen local supercharges mean that one cannot break the configuration apart
without breaking the supersymmetry. It is therefore a bound state and the glue really is glue.

In all these constructions, the BPS equations governing the addition of the glue and
the third charge, which is usually momentum, are linear [8, 23–25, 30]. The only feedback
between the overlay of the third charge, its glue and the original, possibly singular, 1

4 -BPS
substrate, is that the glue smooths out the geometry and fixes some of its moduli. The 1

4 -BPS
solution, and the non-linear equations underlying it, are otherwise unmodified.

The fact that the same substrate-glue-momentum layered structure appears both in the
supergravity description of themelia and in their DBI description [20], leads us to formulate
the “extended themelion conjecture:”

The addition of momentum on top of a 1
4 -BPS themelion substrate can be done using

a layered set of linear equations.

1.3 Adding momentum to M2-M5 Intersections

The purpose of this paper is to show that this conjecture correctly describes the addition
of momentum to the M2-M5 super-maze substrate. We use the same type of glue as in
the DBI description of [20], and find that, given any M2-M5 1

4 -BPS solution, one can add
a momentum profile specified by an arbitrary function, and obtain a 1

8 -BPS solution by
solving a linear system of equations. This does not mean that these equations are trivial. The
equation that determines the glue is a homogeneous Laplace equation on a very complicated
background. This solution must then be fed back, quadratically, as a source for another
linear Poisson equation that determines the momentum charge distribution. Such an “upper
triangular” structure of the linear system is familiar from earlier linear systems governing
themelia [8, 23–25, 30].

There is another interesting feature (first observed in [36]) of our momentum-carrying
solutions that greatly simplifies our construction. One can show that even if all the self-dual
glue fields depend on a single, arbitrary function of the null coordinate, this function can be
absorbed by a re-definition of the null coordinate so that it only appears in the denominator
of a single term in the metric ansatz. Thus, one can construct a much simpler solution where

– 4 –
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the arbitrary function is a constant, and then promote the constant to an arbitrary function.
One can then check explicitly that this is still a solution.

We will use the most symmetric 1
4 -BPS super-maze solution as a substrate. This solution

has an SO(4)×SO(4) symmetry and will be reviewed in section 3. The first SO(4) corresponds
to rotations in the four-dimensional space orthogonal to the M2 branes and the M5 brane,
while the second SO(4) corresponds to rotations in the plane of the M5 branes.

A momentum wave on the M2 brane strips breaks the second SO(4). If the wave is
polarized along one of the M5 directions, the symmetry is broken to SO(3)× U(1) and, upon
smearing along the U(1) and reducing to Type IIA String Theory, it becomes a momentum
wave on the D4-D2 system. The construction of this momentum wave in the non-Abelian
D4 world-volume theory [20] is reviewed in section 2 and will help us find the glue needed
to add momentum while maintaining the themelion structure. We also show that one can
give the wave a circular polarization that breaks the symmetry to SU(2) × U(1). We will
construct both types of waves in section 4. Section 5 contains our final remarks.

2 Adding momentum to the M2-M5 system — the DBI analysis

An M2 brane strip stretched between two M5 branes can be smeared along one of the M5
brane directions and reduced to Type IIA String Theory, becoming a D2 strip stretched
between two D4 branes. From the perspective of the SU(2) non-Abelian D4-brane world-
volume theory this solution is nothing other than a ’t Hooft-Polyakov monopole solution in
3+1 dimensions [21] that is independent of the fourth D4 world-volume direction [20, 22].
This is the common D2-D4 direction, along which one can add a null momentum wave
involving several non-trivial fields in the D4 world-volume theory [20]. A simpler solution is
a semi-infinite D2 ending on a D4 brane, to which one can also add a momentum wave using
the same D4 world-volume fields. In this section we review this construction and use it to
reveal the fields that one must use in supergravity to add momentum to this brane system.

It is well known that a semi-infinite F1 or D1 string ending on a D3 brane pulls it and
forms a spike [37, 38], and this can be described as an Abelian monopole in the Born-Infeld
action. By T-duality, one can see that the same gauge configuration also describes a semi-
infinite D2 furrow bending a D4 brane. This solution has sixteen supercharges locally4 and
eight globally, and so it is a 1

4 -BPS themelion. The furrow is extended along the D2-D4
common direction, y, and looks like a spike in the R3 spanned by the other three directions
of the D4-brane world-volume.

Since the solution is spherically symmetric in this R3 we use coordinates, (u, θ, ϕ) where
u is the radius and (θ, ϕ) are angles on the S2. We define θ̂, ϕ̂ to be flat indices for frames on
the S2. The D4 scalars and Maxwell fields that describe the D2 spike take the form:

Φ = b

u
, Fθ̂ϕ̂ = ∂uΦ . (2.1)

The scalar Φ determines the displacement of the D4-brane in the D2-brane direction, z,
orthogonal to the D4 brane. The non-trivial profile of Φ describes the spike. This profile

4As do all solutions of the Abelian DBI action.
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(a) Type-IIA charges and glue. (b) M theory charges and glue.

Figure 1. Global and local charges of our solution in Type IIA String Theory (a) and M theory (b).
The brane charges in the circles are global charges. The branes on the branches are the “glue” one
needs to add in order to have enhance the local supersymmetry to 16 supercharge. The two “glue”
branes on a given branch have the same local charge.

sources the monopole configuration of the Maxwell field, and the result is a solution to the
DBI equations. Note that this solution is independent of the common D2-D4 direction, y.

One can add momentum to the D2-D4 brane solution by turning on a magnetic and
an electric field in the D4 world-volume theory:

Fuy = −Fu0 = f(y − t)
u2 , (2.2)

with f(y − t) an arbitrary function. One can check that adding these fields does not disturb
the fields already present in the original D4-D2 solution (2.1). The non-trivial electric and
magnetic fields generate a Poynting vector, giving rise to a momentum density along y, and
a net global momentum charge.

Thus the global charges of this solution are:

QD4
uθϕy , DD2

zy , QP
y , (2.3)

where the subscripts denote the directions.
The brane profile also sources a collection of dipole charges, the glue:

QD4
zθϕy , QD2

uy , QD2
θϕ , QF1

u , QD0 , QF1
z . (2.4)

It is easy to see the intuitive origin of these dipoles. The first two reflect the bending of the D4
brane pulled on by the D2 branes, and are also present in the absence of a momentum wave.
They correspond to the left-hand side of the triangle in figure 1(a). The remaining dipole
charges are linear in the profile function and thus create no net charge. The QD2

θϕ charge
comes from Fuy, which sources a C0θϕ through the WZ term. Similarly, QD0 is sourced by
Fuy ∧Fθϕ in the WZ term. The remaining F1 charge arises through the DBI action. Both are
sourced by F0u: B0u couples directly, while B0z couples via the pull-back ∂uΦ. The complete
set of global and dipole charges are depicted in figure 1, along with their M-theory uplifts.

– 6 –



J
H
E
P
0
2
(
2
0
2
5
)
1
0
5

A more precise analysis [20] enables one to read off the local charges of this solution
directly from the κ−symmetry of the DBI action. The simplest way to express all the
charges is to introduce two angles

tanα ≡ ∂uΦ , (2.5)

tan β ≡ Fyu√
1 + (∂uΦ)2 . (2.6)

The angle α can be thought as the local slope of the D2-D4 spike, which parameterizes how
much the D2 pulls on the D4 world-volume. The angle β can be thought as the local pitch
of the momentum-carrying wave. The three charge densities that contribute to the global
charges of the solution can be written as:

QD4
uθϕy =M cos2α cos2β , (2.7)
DD2

zy =M sin2α cos2β , (2.8)
QP

y =M sin2β . (2.9)

The six local charges, that form the glue needed to give the themelion sixteen-local-
supercharges structure to the solution are:

QD4
zθϕy =M cos2β cosα sinα , QD2

uy = −M cos2β cosα sinα , (2.10)
QD2

θϕ =M cosβ sin β cosα , QF1
u = −M cosβ sin β cosα , (2.11)

QD0 =M cosβ sin β sinα , QF1
z = −M cosβ sin β sinα . (2.12)

The uplift of this configuration to M-theory is a momentum wave on an M2 strip meeting
an M5. This is depicted on the right-hand side of figure 1, where χ is the M theory direction.
Since the basic configuration is intersecting M2 and M5 branes carrying momentum we
will think of this as a kind of super-maze [12], except that the glue of this system is not
the same5 as that of [12].

3 The M2-M5 substrate

We review the supergravity solutions for M2-M5 intersections [16–18], to which we will add
momentum in the next section. Our discussion here closely parallels that of [18].

3.1 The brane configuration

The M2 branes will be taken to lie along the (x0, x1, x2) = (t, y, z) directions, and they have
the (x0, x1) = (t, y) directions in common with the M5-branes. These branes will extend
along the (x0, x1, x3, x4, x5, x6) = (t, y, u⃗) directions. The spatial directions transverse to
the branes will be denoted by (x7, x8, x9, x10) = v⃗.

These configurations have eight supercharges, and are thus 1
4 -BPS supergravity solutions,

and their supersymmetries satisfy the projection conditions

Γ012 ε = − ε , Γ013456 ε = ε . (3.1)
5In [12], the glue on the M5-M2 and the M2-P branch is the same, but the glue on the M5-P branch

corresponds to M5 and P rather than two species of M2 branes, as depicted along the top of figure 1(b).

– 7 –
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The indices on the gamma matrices are frame indices taken along the directions of the
M2’s and M5’s. Recalling that in eleven dimensions one has Γ0123456789 10 = 1, one sees
that (3.1) implies

Γ01789 10 ε = − ε , (3.2)

and hence one can add another set of M5 branes along the directions 01789 10 without
breaking supersymmetry any further. We will denote this second possible set of branes by
M5’, but we will not actively include sources for such branes.

The 1
4 -BPS solutions of interest have an eleven-dimensional metric of the form:

ds2
11 = e2A0

[
− dt2 + dy2 + e−3A0 (−∂zw)−

1
2 du⃗ · du⃗+ e−3A0 (−∂zw)

1
2 dv⃗ · dv⃗

+ (−∂zw)
(
dz + (∂zw)−1 (∇⃗u⃗w) · du⃗

)2]
.

(3.3)

This metric is conformally flat along time and the common M2-M5 direction, (t, y) ∈ R(1,1), and
also along the M5 directions, parameterized by u⃗ ∈ R4, and on a transverse R4 parameterized
by v⃗ ∈ R4. The metric involves a non-trivial fibration of the “M-theory direction,” z, over
this internal R4. The constraints on, and relationships between, the functions A0(u⃗, v⃗, z) and
w(u⃗, v⃗, z) will be discussed below, and, for obvious reasons, we require ∂zw < 0.

We will use the set of frames:

e0 = eA0 dt , e1 = eA0 dy , e2 = eA0(−∂zw)
1
2
(
dz + (∂zw)−1 (∇⃗u⃗w

)
· du⃗

)
,

ei+2 = e−
1
2 A0 (−∂zw)−

1
4 dui , ei+6 = e−

1
2 A0 (−∂zw)

1
4 dvi , i = 1, 2, 3, 4 .

(3.4)

The three-form vector potential is given by:

C(3) = −e0 ∧e1 ∧e2 + 1
3! ϵijkℓ

(
(∂zw)−1 (∂uℓ

w) dui ∧duj ∧duk − (∂vℓ
w) dvi ∧dvj ∧dvk) , (3.5)

where ϵijkℓ is the ϵ-symbol on R4.

3.2 The maze function

Define the following combinations of the functions that determine the metric and fluxes:

F1 ≡ (−∂zw)
1
2 e−3A0 , F2 ≡ (−∂zw)−

1
2 e−3A0 − (∂zw)−1 (∇u⃗w) · (∇u⃗w) , (3.6)

and denote the Laplacians on each R4 via:

Lu⃗ ≡ ∇u⃗ · ∇u⃗ , Lv⃗ ≡ ∇v⃗ · ∇v⃗ . (3.7)

One then finds that the supersymmetry variations lead to the BPS equations:

Lv⃗w − ∂zF1 = 0 , Lu⃗w + ∂zF2 = 0 . (3.8)

The equations of motion also require:

Lv⃗F2 + Lu⃗F1 = 0 . (3.9)

– 8 –
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One should note that this is essentially an integrated form of (3.8): if one takes ∂z of (3.9),
one obtains an identity that is a trivial consequence of (3.8).

This system can be solved by introducing a pre-potential, G0, and setting:

w ≡ ∂zG0 , F1 ≡ e−3A0 (−∂zw)
1
2 = Lv⃗G0 . (3.10)

The remaining equations are then equivalent to:

F2 ≡ e−3A0 (∂zw)−
1
2 − (∂zw)−1 (∇u⃗w) · (∇u⃗w) = −Lu⃗G0 . (3.11)

Using (3.10) in this equation to eliminate w and A0 yields the Monge-Ampère-like equation
for the pre-potential:

Lv⃗G0 = (Lu⃗G0) (∂2
zG0)− (∇u⃗∂zG0) · (∇u⃗∂zG0) . (3.12)

Given a solution to (3.12) for the maze function, G0, one can obtain all the metric/flux
functions from (3.10).

While this non-linear equation is daunting, it has been shown that solutions exist, and
can be constructed in an iterative expansion [16, 17]. Moreover, by imposing spherical
symmetry and taking a near-brane limit, one can reduce that maze function to two variables,
and it can be re-cast as a linear system [18, 19, 39–45]. We will therefore take this solution
as “given,” and assume that we have some form of intersecting M2-M5 substrate on which
we will erect momentum modes.

4 The 1
8-BPS M2-M5-P themelion

4.1 The Ansatz for the metric and flux

We will impose an SO(4) symmetry transverse to the branes, and write the metric in the
directions, (x7, x8, x9, x10), in terms of a radial coordinate v, and an S3, with unit metric
dΩ′2

3. We will not, a priori, assume that the metric in these directions is conformal to
the R4 metric (4.1).

We are going to consider two possible structures along the 3456 directions of the M5 brane:

Choice (i): we take these directions to have an SO(3)× R symmetry, in which x6 = χ

is R, or S1, and the remaining directions are described by a radial coordinate, u, and
spheres, S2, with unit metric dΩ2

2. We allow the scale factors in front of du2, dΩ2
2 and

dχ2 to be independent arbitrary functions of (u, v, z). The polarization density of the
null wave will be directed along x6 = χ. This solution can be compactified to Type IIA
String Theory along χ to give the supergravity solution corresponding to the D2-D4-P
configuration in section 2.
Choice (ii): we impose an SU(2)L×U(1) symmetry by introducing a radial coordinate,
u, and (possibly squashed) spheres, S3, whose metric we take to be that of a Hopf
fibration over S2. We allow the scale factors in front of du2, the S2 base of the fibration,
and the Hopf fiber to be independent arbitrary functions of (u, v, z). The polarization
density of the null wave will be directed along the Hopf fiber.
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Finally, following [18, 39] and, as in (3.3), we are also going to allow a non-trivial fibration
of the z-direction over du.

To be more specific, we are going to analyze two possible geometries on the M5 branes:

Choice (i) : ds2
4 ≡ du2 + u2 dΩ2

2 + dχ2 , or Choice (ii) : ds2
4 ≡ du2 + u2 dΩ2

3 , (4.1)

and the metric on the R4 orthogonal to the M5 branes

ds′
2
4 ≡ dv2 + v2 dΩ′2

3 . (4.2)

Here, dΩ2
n is the maximally symmetric metric on a unit-radius Sn, and χ is some flat direction

of which the solution is independent. The corresponding Laplacians are:

LuG = 1
un
∂u
(
un∂uG

)
, LvG = 1

v3∂v
(
v3∂vG

)
, (4.3)

where n = 2 for Choice (i) and n = 3 for Choice (ii).
We want to construct a solution that has the charges of the super-maze constructed in

section 2, and not the charges of the super-maze of [12], so the momentum of the solution
will only be along the common M2-M5 direction, y (and not along the pure M2-direction
z). We therefore introduce null coordinates, ζ, ξ, and take (x0 + x1, x1−x0, x2) = (ζ, ξ, z),
and assume the wave is a function of ξ. We also expect that the null wave profile can be an
arbitrary function, F (ξ), and we will show that this expectation is indeed correct.

We therefore use the metric Ansatz:

ds2
11 = e2A0

[
dξ

(
P dξ + 2

(
dζ

F (ξ) + k σ̂3

))
+ e2A1 ds2

4 + e2A2 ds′
2
4

+ e2A3
(
dz +B1 du

)2]
,

(4.4)

where the four-dimensional metrics are given by:

ds2
4 ≡ du2 + 1

4 u
2 e2A4 (σ2

1 + σ2
2
)
+ 1

4 u
2 e2A5 σ2

3 , (4.5)

and
ds′

2
4 ≡ dv2 + 1

4 e
2A6 v2 (σ′21 + σ′

2
2 + σ′

2
3
)
. (4.6)

For Choice (ii), we take the σi to be the left-invariant 1-forms on S3:

σ1 = cosφ3 dφ1 + sinφ3 sinφ1 dφ2 ,

σ2 = sinφ3 dφ1 − cosφ3 sinφ1 dφ2 ,

σ3 = dφ3 + cosφ1 dφ2 ,

(4.7)

with the similar expressions for the σ′i, but with φj → φ′
j . The polarization vector, σ̂3 is

set equal to σ3, pointing along the Hopf fiber:

σ̂3 = σ3 . (4.8)
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For Choice (i), the σi are:

σ1 = 2 dθ , σ2 = 2 sin θ dϕ , σ3 = 2
u
dχ , (4.9)

so that the metric (4.5) is becomes

ds2
4 = du2 + u2 e2A4

(
dθ2 + sin2 θ dϕ2)+ e2A5 dχ2 . (4.10)

The polarization vector, σ̂3, now points along dχ:

σ̂3 = dχ . (4.11)

The metric ds′24 remains the same for both choices, with σ′i being the left-invariant 1-
forms on S′3.

In this Ansatz, the functions P, k and An, n = 0, 1, . . . , 6 are, as yet arbitrary functions of
(u, v, z). The only dependence on ξ appears through the single function, F (ξ) in the metric.

We use the orthonormal frames:

e0 = eA0
√
P

(
dζ

F (ξ)+k σ̂3

)
, e1 = eA0

√
P

(
P dξ+ dζ

F (ξ)+k σ̂3

)
, (4.12)

e2 = eA0+A3
(
dz+B1 du

)
, e3 = eA0+A1 du, e4 = eA0+A2 dv ,

e5,6 = 1
2 ue

A0+A1+A4 σ1,2 , e7 = 1
2 ue

A0+A1+A5 σ3 , e8,9,10 = 1
2 v e

A0+A2+A6 σ′1,2,3 .

Rather than making a general Ansatz for the potential, C(3), we find it easier to make the
most general possible Ansatz for the fluxes, F (4), in a manner that is consistent with all of the
symmetries. The frames e5 and e6 must appear as e5 ∧ e6, and the frames e8, e9 and e10 must
appear as e8 ∧ e9 ∧ e10, while the remaining six frames, e0, e1, e2, e3, e4 and e7, can appear in
any combination. This means that there are, in principle, 36 functions that can appear when
F (4) is expanded in frames. We thus introduce 36 functions of (u, v, z) into our Ansatz.

One could use the general properties of null waves to simplify the Ansatz for F (4), but
this turns out to be unnecessary. We will, however, note that in addition to the fluxes
sourced by the background M2 and M5 branes, we expect momentum waves to involve
flux components with legs along dξ and not dζ. In terms of frames, this means that the
momentum waves source flux components involving only e1−e0. This is indeed what we
find from solving the BPS equations.

4.2 The supersymmetries

The four supersymmetries of the 1
8 -BPS system are defined by adding a momentum projector

to the M2 and M5 brane projectors in (3.1):

Γ01 ε = −ε , Γ012 ε = −ε , Γ013456 ε = ε . (4.13)

This is still consistent with the projector (3.2), allowing the addition of a set of M5’ branes.
One should also note that the sign in the momentum projector, Γ01, is fixed implicitly by
the choice of frames and the sign of P in (4.12).
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The goal is, of course, to solve

δψµ ≡ ∇µ ϵ+
1

288
(
Γµ

νρλσ − 8 δν
µ Γρλσ

)
Fνρλσ = 0 , (4.14)

using the Ansatz for the metric and fluxes, subject to the foregoing projection conditions.
The dependence of the supersymmetries on the sphere directions is determined entirely

by group theory. With our choices of projectors and frames, the supersymmetries, ε, are
independent of φ′

j , and independent of φj for the Choice (ii) metric (4.5) with (4.7). For
the Choice (i) metric (4.10) one must solve for Killing spinors on the S2 and use the fact
that χ is simply R or S1.

This yields:

∂θε =
1
2 Γ35 ε , ∂ϕε =

1
2
(
sin θ Γ36 + cos θ Γ56

)
ε , ∂χε = 0 . (4.15)

The dependence of the spinors on (ξ, u, v, z) follows from the fact that Kµ ≡ ε̄Γµε is the
time-like Killing vector, ∂

∂ζ . This means that

ε = e
1
2 A0 F− 1

2 P− 1
4 ε0 , (4.16)

where ε0 is independent of all the coordinates for the metric (4.5) with (4.7), or, for the
metric (4.10), ε0 only has the coordinate dependences implied by (4.15).

4.3 Outline of solving the BPS equations

Since we know the coordinate dependences of ε, it is now straightforward to solve the BPS
equations, (4.14), using the metric and flux Ansatz described above. All but two of the 36
flux functions are determined algebraically in terms of the metric functions and their first
derivatives (most of the fluxes are identically zero). One then finds simple sets of first-order
equations that relate the metric functions to one another. The computation proceeds much
as in [18]. There is still some gauge freedom left in redefining the coordinates and this can
be used to fix some of the metric functions completely.

4.3.1 The form of the metric and fluxes

After solving the supersymmetry transformations we find the metric reduces to the form:

ds2
11 = e2A0

[
dξ

(
P dξ + 2

(
dζ

F (ξ) + k σ̂3

))
+ e−3A0 (−∂zw)−

1
2 ds2

4

+ e−3A0 (−∂zw)
1
2 ds′

2
4 + (−∂zw)

(
dz + (∂zw)−1 (∂uw) du

)2]
,

(4.17)

where the four-dimensional metrics are those of flat space.
The BPS equations almost completely fix the relative scales, A4, A5 and A6, of the

various pieces within ds2
4 and ds′24 so that these metrics are flat. Note that, but for P and

k, the functions appearing in this metric are exactly the same as those of the substrate
momentum-less solution reviewed in section 3.

There are some constants of integration that can be absorbed into coordinate re-definitions,
but there is one constant that remains unfixed: one is allowed to have a constant re-scaling
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to the Hopf fiber of ds2
4 in Choice (ii). We found that allowing this Hopf fiber to become

squashed away from its round value led to singularities in the solution, and so we fixed the
metric to that of a round S3 in Choice (ii). Thus,

ds′
2
4 = dv2 + 1

4 v
2 (σ′21 + σ′

2
2 + σ′

2
3
)
, (4.18)

and for Choice (i)

ds2
4 = du2 + u2 (dθ2 + sin2 θ dϕ2)+ dχ2 , (4.19)

while for Choice (ii)

ds2
4 = du2 + 1

4 u
2 (σ2

1 + σ2
2 + σ2

3
)
. (4.20)

The functions, P, k, w and A0 are, as yet, arbitrary functions of (u, v, z). The function,
F (ξ), remains unconstrained.

As indicated earlier, almost all the flux functions are determined in terms of metric
functions. Indeed, we find that the fluxes sourced by the M2 and M5 branes are related
to metric functions exactly as they were in [18]. The new non-zero fluxes, again in frame
indices, are:

F0237 = −F1237 = b1 , F0347 = −F1347 = b2 , F0247 = −F1247 = 1
2
e2A0
√
P

(∂vk) ,

F0256 = −F1256 = −b1 +
1
2
e2A0
√
P

(
(−∂zw)

1
2 ∂uk +

∂uw

(−∂zw)
1
2
∂zk

)
, (4.21)

where b1, b2 are arbitrary functions of (u, v, z). These new components of the flux satisfy
F1bcd = −F2bcd, as one expects for null waves. In section 4.3.5 we will show the charges of
this solution are those of the DBI solution reviewed in section 2.

4.3.2 The Bianchi Identities — I

The heavy lifting in solving the BPS equations is to solve the Bianchi identities. That is,
we have made an Ansatz for all the possible terms in F (4), and determined these based on
the supersymmetry, but one must now impose dF (4) = 0. These equations fall into two
parts: those of the 1

4 -BPS substrate and those for the new fluxes. Most significantly, the
equations governing the 1

4 -BPS brane substrate completely decouple from the equations
relating to the addition of the momentum wave.

Thus, the first set of Bianchi equations turn out to be exactly the same as those for the
1
4 -BPS background “maze” described in section 3 and their solution proceeds in an identical
manner to that described in [18]. That is, these equations determine the functions A0 and
w by solving (3.12) and using (3.10).

The remaining Bianchi identities determine the new fluxes and polarization vector, and
depend on the functions w and A0. However, the latter functions are now to be considered
as part of the known background of the substrate branes.
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4.3.3 The Bianchi Identities — II

The Bianchi equations for the new fluxes are rather non-trivial, but they are linear in the
fluxes. We consider Choice (i) and Choice (ii) separately, as the equations are slightly different.

For Choice (i), one of the Bianchi identities can be written as:

∂u

[
u2 e−

1
2 A0(−∂zw)−

1
4
√
P b2

]
(4.22)

= ∂v

[
u2

(∂zw)

(1
2 ∂zk − eA0(∂uw)

(√
P b1 −

1
2e

2A0
(
(−∂zw)

1
2 ∂uk + (−∂zw)−

1
2 (∂uw) ∂zk

))) ]
.

This can be satisfied by introducing a pre-potential, q, defined by:

∂vq = u2 e−
1
2 A0(−∂zw)−

1
4
√
P b2 , (4.23)

∂uq =
u2

(∂zw)

(1
2 ∂zk − eA0(∂uw)

(√
P b1 −

1
2e

2A0
(
(−∂zw)

1
2 ∂uk + (−∂zw)−

1
2 (∂uw) ∂zk

)))
.

Using these identities to replace b1 and b2 in the remaining Bianchi identities leads to two
more equations, one of which is relatively simple, and can be solved by introducing another
pre-potential, p, defined by:

∂up = u2 k + 2 (∂uw) q , ∂vp = 2 (∂zw) q . (4.24)

One then finds that this pre-potential, p also solves the remaining Bianchi identity.
Note that the polarization vector of the null momentum wave is given by:

k = 1
u2

(
∂up−

(∂uw)
(∂zw)

∂vp

)
. (4.25)

The analysis for Choice (ii) is almost identical, except that the pre-potentials are defined by

∂vq = u4 e−
1
2 A0(−∂zw)−

1
4
√
P b2 , (4.26)

∂uq =
u3

(∂zw)

(
∂zk − eA0(∂uw)

(
u
√
P b1 − e2A0

(
(−∂zw)

1
2 ∂uk + (−∂zw)−

1
2 (∂uw) ∂zk

)))
,

and
∂up = 2

(
u3 k + (∂uw) q

)
, ∂vp = 2 (∂zw) q , (4.27)

and hence one has

k = 1
2u3

(
∂up−

(∂uw)
(∂zw)

∂vp

)
. (4.28)

As with Choice (i), one finds that using the pre-potential, p solves the remaining Bianchi
identities.

We have thus reduced the solving of the fluxes and polarization vector, k, to finding
a single, undetermined function, p. Indeed, the rest of the solution is contained by two
undetermined functions: the momentum density, P , and the pre-potential p, both of which
will be governed by the equations of motion.
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4.3.4 The gauge potential

Given that we have solved the Bianchi identities, we can now integrate the flux Ansatz to
obtain an expression for the gauge potential. For Choice (i) we find:

C(3) = −e0 ∧ e1 ∧ e2

−
(
∂uw

∂zw

)
un sin θ dθ ∧ dϕ ∧ dχ+ 1

8 (∂vw) v3 sinφ′
1 dφ

′
1 ∧ dφ′

2 ∧ dφ′
3

+ 1
uℓ
√
P (−∂zw)

1
2

(
∂zp

)
(e1 − e0) ∧

(
e3 ∧ e7 − e5 ∧ e6) ,

(4.29)

with ℓ = 2, n = 2, while for Choice (ii) we find

C(3) = −e0 ∧ e1 ∧ e2

+ 1
8

(
∂uw

∂zw

)
un sinφ1 dφ1 ∧ dφ2 ∧ dφ3 +

1
8 (∂vw) v3 sinφ′

1 dφ
′
1 ∧ dφ′

2 ∧ dφ′
3

+ 1
uℓ
√
P (−∂zw)

1
2

(
∂zp

)
(e1 − e0) ∧

(
e3 ∧ e7 − e5 ∧ e6) ,

(4.30)

with ℓ = 4, n = 3.
Naively, the first three terms in these expressions are exactly what one expects for the

fluxes of the 1
4 -BPS background maze solution [18] discussed in section 3. However, this

perspective is a little oversimplified because one should remember that the frames e0 and e1

now involve a momentum density and a polarization vector, and are therefore significantly
more complicated than those of [18].

4.3.5 Matching to the Born-Infeld construction

It is interesting to try to connect the features of the supergravity solution to those of the
DBI description of the D4-D2 momentum wave [20] reviewed in section 2.

To do this, one first has to re-define the null coordinates, such that the dζ dξ term in
the metric is ξ independent. This is done by introducing a new null coordinate, η, such that

dη = dξ

F (ξ) ≡ dξ

f(η) . (4.31)

The function f(η) is defined implicitly above and, since F (ξ) is an arbitrary function, one can
also consider f(η) as the defining arbitrary function of our solution, which is now written as

ds2
11 = e2A0 dη

[
2 dζ + 2kf(η) dχ+ Pf(η)2 dη

]
+ e−A0 (−∂zw)−

1
2 ds2

4

+ e−A0 (−∂zw)
1
2 ds′

2
4 + e2A0 (−∂zw)

(
dz + (∂zw)−1 (∂uw)du

)2
,

(4.32)

where we have explicitly used the Choice (i) metric, which is related to the brane construction
in section 2. The metric already allows us to see one of the components of the glue,
corresponding to momentum along the χ direction (depicted on the right side of the triangle
in figure 1(b)). As expected from the DBI construction, this glue charge is parameterized
by the arbitrary function f(η).
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To see the other components of the glue, it is best to explicitly expand the vielbeins in
the Choice (1) gauge potential (4.29) and use the null coordinate η introduced in (4.31)

C(3) = e3A0 (−∂zw)
1
2 dη ∧

(
dζ + kf(η) dχ

)
∧
(
dz + (∂zw)−1 (∂uw)du

)
−
(
∂uw

∂zw

)
u2 sin θ dθ ∧ dϕ ∧ dχ+ 1

8 (∂vw) v3 sinφ′
1 dφ

′
1 ∧ dφ′

2 ∧ dφ′
3

+
(
∂zp

)
u2 f(η) dη ∧

(
du ∧ dχ− u2 sin θ dθ ∧ dϕ

)
,

(4.33)

On can see from the first line of this potential that the solution also has the other glue
charge depicted on the right side of the triangle in figure 1(b), corresponding to M2 branes
extended along the χ and z directions.

The last line of this expression also makes explicit the equality of the M2θ,ϕ and M2u,χ

glue charges, shown on the top line of triangle in figure 1(b). These charges are the M-theory
uplift of the charges (2.11) of the DBI construction in section 2, and their equality is also
a consequence of the DBI construction.

4.4 The equations of motion

Having solved the BPS equations, one must still check the equations of motion. This will
determine the remaining functions, p and P .

It is useful to compute the Laplacian, L̂, for the substrate metric (3.3) acting on a
function H that only depends on (u, v, z). Using symmetries we have imposed, and the
equations for w and A0, one can simplify the Laplacian to obtain the following operator:

L(H) ≡ e−A0 (−∂zw)−
1
2 L̂(H)

=
[ 1
un

∂u
(
un∂uH

)
+ 1

(−∂zw)
1
v3∂v

(
v3∂vH

)
+ 2 (∂uw)

(−∂zw)
∂u∂zH

+
(
(−∂zw)−

3
2 e−3A0 + (−∂zw)−2 (∂uw)2)) ∂2

zH

]
,

(4.34)

with n = 2 or n = 3 for choices (i) or (ii), respectively. It is interesting to note that one
could also have replaced L̂ by the Laplacian for the final metric (4.17) because on functions
of (u, v, z) alone, these two Laplacians agree. Here, however, we wish to emphasize that
L is a Laplacian operator on a known substrate background that does not depend upon
the functions we are trying to determine.

The Maxwell equations actually give rise to two rather different-looking third-order linear
equations for p. Fortunately, these two equations are compatible, and can be solved by
requiring p to be the solution of a single, second order, linear equation:

L
(
p

uℓ

)
− 2m

u2
p

uℓ
= 0 , (4.35)

with ℓ = 2,m = 1 or ℓ = 4,m = 4 for choices (i) or (ii), respectively. To be more specific, the
two seemingly-independent Maxwell equations are actually combinations of the differential
equation (4.35) and either the u-derivative, or the z-derivative, of this differential equation.
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The Einstein equations produce second-order differential equations for k and P . The
former is identically satisfied if one uses (4.25), or (4.28), to rewrite k in terms of p, and then
employs (4.35) (or the combinations of (4.35) that arise in the Maxwell equations).

The equation for P can also be written as:

L
(
P
)
= s(x) , (4.36)

where, for the two choices, one has:

s(i) = −4 e−A0 (−∂zw)−
1
2

[
2
((√

P b1
)2 + (√P b2

)2)
− e2A0

(√
P b1

)(
(−∂zw)

1
2 ∂uk + (∂uw) (−∂zw)−

1
2 ∂zk

)]
,

s(ii) = −8 e−A0 (−∂zw)−
1
2

[(√
P b2

)2 + ((√P b1
)
− 2 e2A0

u2 (−∂zw)
1
2 k

)
(4.37)

×
((√

P b1
)
− e2A0

u

(
(−∂zw)

1
2 ∂uk + (−∂zw)−

1
2 (∂uw) ∂zk

))]
.

The important point here is that
√
P b1,2 can be eliminated via (4.23) and (4.24) or (4.26)

and (4.27), to obtain sources, s(x), that are completely independent of P , and only depend
on the known fields, w, A0, and p. This means that the equation for P , (4.36), is linear, and
sourced by the background fluxes and metric components that have already been determined.

4.5 An interesting footnote

The equation for P , (4.36), is inhomogeneous and the sources, (4.37), are very complicated
once they are expanded using (4.23) and (4.24), or (4.26) and (4.27). However, motivated
by similar equations in other microstate geometries, one can make a simple guess for part
of the required “particular solution.” We find:

L
( (∂zp)2

u4(∂zw)

)
− s(i)

= 2
u6(∂zw)

(
6(∂zp)2 − 4u(∂zp)(∂u∂zp) + 2u(∂2

zp)(∂up) + u2((∂u∂zp)2 − (∂2
up)(∂2

zp)
))
,

L
( (∂zp)2

u8(∂zw)

)
− s(ii) (4.38)

= 1
u10(∂zw)

(
24(∂zp)2 − 8u(∂zp)(∂u∂zp) + 5u(∂2

zp)(∂up) + u2((∂u∂zp)2 − (∂2
up)(∂2

zp)
))
.

These partial solutions to the inhomogeneous terms represent a very substantial simplification
of the source terms, but we have not found a simple expression for a particular solution
that generates the right-hand sides of (4.38).

4.6 Summary of the solution

The 1
8 -BPS solution carrying momentum waves starts from a 1

4 -BPS M2-M5 substrate whose
metric is given by (3.3) and fluxes are given by (3.5). The unknown functions, w and A0
are obtained by solving (3.12) and using (3.10).

– 17 –



J
H
E
P
0
2
(
2
0
2
5
)
1
0
5

Imposing symmetries as described in section 4.1, the metric with momentum waves is
given by (4.17) and the frames are defined in (4.12). The fluxes are now determined in terms
of a pre-potential, p, via (4.29) and (4.30) and the polarization function, k, is determined in
terms of p through (4.25), or (4.28), depending upon the imposed symmetries.

The pre-potential, p, is determined by a modified Laplace equation, (4.35) with opera-
tor (4.34) defined by the substrate metric (3.3). The momentum density, P , is fixed by a
Poisson equation, (4.36), also with operator (4.34), but now with sources, (4.37). The crucial
fact is that this last set of equations in actually linear. Indeed, the only non-linear equation
to be solved is (3.12) which defines the 1

4 -BPS substrate.
The wave profile, F (ξ), is a freely choosable (arbitrary) function.
The sources of the Poisson equation for the momentum density, P , are quadratic in

terms that define the momentum flux. This is a vestige of the Chern-Simons interaction in
the equation for F (4). A partial particular solution to the inhomogeneous equation can be
obtained from the squares of derivatives of the pre-potential as demonstrated in (4.38).

4.7 A conjecture about multiple momentum waves

The fact that the full momentum-carrying solution is constructed on top of a substrate by
null waves in the “glue” fields which can be added in a linear procedure suggests a very
obvious generalization of our solution.

First, note that the substrate in equations (3.4), (3.5) does not need to have any spherical
symmetry, and can describe in principle a multitude of M2 brane strips stretching between
M5 branes. Our linear system also suggests an obvious covariantization.

The fundamental object will be an anti-self-dual form on the R4 wrapped by the M5
branes. In the third line of equation (4.29) this appears as

P ≡
(
∂zp

) (
e3 ∧ e7 − e5 ∧ e6) , (4.39)

and one can see from (4.33) that it can be multiplied by an arbitrary function of η. The
homogeneous equation for p, (4.35) will emerge from the anti-self-duality. Equation (4.24)
shows that the one-form k will emerge as a combination of the divergence of p and the
inner product of ∇w and p. The function q and hence the fluxes

√
Pb1 and

√
Pb2 are

also 2-forms, which we will denote schematically as “B”. All these fields are part of the
“glue” and is parameterized again by an arbitrary function of η. Finally, equations (4.36)
and (4.37) show that the momentum density is sourced by terms of the form ∗4(B ∧ B),
∗4(k ∧ ∇w ∧ B) and ∗4(dk ∧ B).

It is reasonable to assume that one can source the anti-self-dual form p independently
on each strip, and that the corresponding waves will be parameterized by different arbitrary
functions of η. Hence, the metric will become

ds2
11 = e2A0 dη

[
2 dζ + 2f i(η)k⃗i · du⃗+ Pijf

i(η)f j(η) dη
]
+ e−A0 (−∂zw)−

1
2 ds2

4

+ e−A0 (−∂zw)
1
2 ds′

2
4 + e2A0 (−∂zw)

(
dz + (∂zw)−1 (∇⃗u⃗w

)
· du⃗

)
,

(4.40)

where we have used the label i to enumerate different strips and their sources. Since P

is sourced quadratically, it will carry two of these enumeration indices. Furthermore, the
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potential will be

C(3) = e3A0 (−∂zw)
1
2 dη ∧

(
dζ + f i(η)k⃗i · du⃗

)
∧
(
dz + (∂zw)−1 (∇⃗u⃗w

)
· du⃗

)
(4.41)

+ 1
3! ϵijkℓ

(
(∂zw)−1 (∂uℓ

w) dui ∧ duj ∧ duk − (∂vℓ
w) dvi ∧ dvj ∧ dvk)+ f i(η) dη ∧ Pi ,

where Pi is the suitable generalization of (4.39).
Obviously, there is much here that needs to be verified, but we are optimistic based on

the linearity and our experience with superstrata.

5 Final comments

The construction of Microstate Geometries for black holes started almost 20 years ago
with [24, 46]. This work was motivated by the desire to extend Mathur’s remarkable fuzzball
program from two-charge solutions, to the “three-charge problem,” for which the corresponding
black holes have macroscopic horizons. Ironically, the expectation of one of the authors was
that the BPS equations would be hopelessly non-linear because having three independent
sets of charges and magnetic fluxes would activate the Chern-Simons interaction, and this
would make the Maxwell equation non-linear. To our very great surprise, the system of BPS
equations governing the fluxes turned out to be linear [23]: the non-linearities were confined
to the source terms that were quadratic in known solutions to other linear equations.

This result opened up the analysis of the phase space of five-dimensional microstate
geometries. While there were very large numbers of solutions [24, 35, 47–54], and some of them
had the mass gap of the typical states of the dual CFT, such geometries could only account
for a tiny fraction of the black-hole microstates. These five-dimensional microstate geometries
were only accessing CFT states that had a U(1)× U(1) isometry. It became imperative to
break these symmetries and add more degrees of freedom. The obvious extension was to go to
six dimensions and incorporate and generalize the supertubes that had been such an integral
part of the two-charge fuzzballs. In yet another irony, the other author of the Microstate
Geometry program was deeply skeptical that the equations [55, 56] governing six-dimensional
microstate geometries could also be linear. But they were [25]!

More precisely, in both five and six-dimensions, the equations governing the substrate
geometries were non-linear (Monge-Ampère) equations governing either hyper-Kähler, or
almost hyper-Kähler substrate geometries [31, 55]. Adding momentum, and the fluxes to
carry the momentum, is entirely governed by a linear system of equations [23, 25, 30]. From
a thorough analysis of the CFT duals of these six-dimensional geometries, it became clear
that the substrate geometry was determining the CFT, or IR ground state and the linearly
determined fluxes and momentum carriers were dual to families of CFT excitations of these
ground states [11, 57].

The linearity of the supergravity solutions was essential to both the development of the
holographic dictionary and the analysis of the CFT excitations.

Over the last few years, the six-dimensional system has been extensively mapped out
with precision holography [58–70]. We know the strengths and limitations of this system
and we know exactly what states it can capture and what it is missing. There are a vast
number of states accessible to the six-dimensional system, but their entropy grows, at most,
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as
√
Q1Q5 4

√
Qp, [71, 72] which is parametrically short of the black-hole entropy,

√
Q1Q5Qp.

The shortfall comes from the fact that six-dimensional supergravity cannot resolve the brane
fractionation that is essential to accessing the twisted sector states.

This has led to a new thrust in which one tries to resolve brane fractionation using
supergravity in ten or eleven dimensions. The simple idea is that since there are a truly
vast number of microstates, then there should also be an exceptional number of coherent
expressions of those microstates that will be visible in supergravity. Hence brane fractionation
should have a supergravity avatar. In much the same way that the analysis of supersymmetric
brane configurations [2] led to superstrata in six-dimensional supergravity [11, 33, 34], a
similar analysis of super-mazes and themelia [1, 12, 20] led to the work presented here, and
once again we seem to be finding the same miracles.

The 1
4 -BPS substrate geometries are determined by complicated, non-linear equations.

However, the momentum excitations, and the fluxes that carry them, appear to be governed
by linear systems. This strongly suggests that the substrate geometries (and their non-linear
equations) determine the particular twisted, or fractionated, sector of the dual field theory, and
once again the momentum excitations, and the states that carry them, are determined by a lin-
ear system. What remains to be done is much like the story of superstrata: we need to find the
most general families of momentum excitations, and geometric transitions of the super-maze
geometries and map out the states accessible to supergravity. The linearity we have discovered
here and the discussion in section 4.7 suggests that this is going to be a feasible undertaking.

This would mean that supergravity can access the twisted sectors of the CFT and enable
one to fully analyze the phase space of the momentum excitations within those twisted sectors.
As a result, supergravity could be used to sample all the essential sectors of the underlying
CFT and see the details of the states that make up the black-hole microstructure. The
entropy of such microstate geometries should grow as Q3/2.

The linear description of this phase space will not only prove critical to counting the
microstates, but it may well enable the development of precision holography of those states.

In retrospect, we now believe we understand the “why” of all the linear systems emerging
from microstate geometries, and this is the heart of the extended themelion conjecture: the
linear systems are a feature of the “glue” that welds the momentum to the branes to create
an object that has sixteen local supersymmetries. The sixteen local supersymmetries are
responsible for the local phenomenon of linearity of the equations that govern the excitations.
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